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13.1-1
In the style of Figure 13.1(a), draw the complete binary search tree of height 3 on
the keys {1.2.....15}. Add the NIL leaves and color the nodes in three different

ways such that the black-heights of the resulting red-black trees are 2, 3, and 4.

13.1-2
Draw the red-black tree that results after TREE-INSERT 1is called on the tree in

Figure 13.1 with key 36. If the inserted node is colored red, 1s the resulting tree a
red-black tree? What if it is colored black?

13.1-3

Let us define a relaxed red-black tree as a binary search tree that satisfies red-
black properties 1, 3,4, and 5. In other words, the root may be either red or black.
Consider a relaxed red-black tree 7" whose root is red. If we color the root of T
black but make no other changes to 7, is the resulting tree a red-black tree?



13.1-4

Suppose that we “absorb™ every red node in a red-black tree into its black parent,
so that the children of the red node become children of the black parent. (Ignore

what happens to the keys.) What are the possible degrees of a black node after all
its red children are absorbed? What can you say about the depths of the leaves of

the resulting tree?

td




13.1-5
Show that the longest simple path from a node x in a red-black tree to a descendant

leaf has length at most twice that of the shortest simple path from node x to a
descendant leaf.

13.1-6
What is the largest possible number of internal nodes in a red-black tree with black-
height k? What is the smallest possible number?

13.1-7
Describe a red-black tree on n keys that realizes the largest possible ratio of red in-

ternal nodes to black internal nodes. What is this ratio? What tree has the smallest
possible ratio, and what is the ratio?
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LEFT-ROTATE(T, x)
.||E ................................

]/ uuu-uuuuuuuuuu-uuilll. o
RIGHT-ROTATE(T, y)

LEFT-ROTATE(T, x)

Iy = x.right /] set y

2 x.right = y.left // turn y’s left subtree into x’s right subtree
3 if y.left # T.nil

4 v.left.p = x

5 yv.p=x.p // link x’s parent to y
6 ifx.p==T.nil

7 T.root =y

8 elseif x == x.p.left

9 x.p.left =y
10 else x.p.right =y
Il y.left = x // put x on y’s left

12 x.p=y
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13.2-2
Argue that in every n-node binary search tree, there are exactly n — 1 possible
rotations.

13.2-3

Let a, b, and ¢ be arbitrary nodes in subtrees «, 8, and y, respectively, in the left
tree of Figure 13.2. How do the depths of a, b, and ¢ change when a left rotation
is performed on node x in the figure?

13.2-4

Show that any arbitrary n-node binary search tree can be transformed into any other
arbitrary n-node binary search tree using O(n) rotations. (Hint: First show that at
most n — | right rotations suffice to transform the tree into a right-going chain.)
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RB-INSERT(7, 2)

13
14
15
16
17

y = T.nil
x = T.root
while x # T.nil
y =X
if z.key < x.key
x = x.left
else x = x.right
Zp =y
it y == T.nil
T.root =
elseif z.key < y.key
y.left = 2
else y.right = Z
Aeft = T.nil
right = T.nil
Z.color = RED

AN A

RB-INSERT-FIXUP(T, z)

| NSBRIMEDTO

TREE-INSERT (T, 2)

| y = NIL

x = T.root

while x # NIL
y = X

L I

X

o~ N B

Z.p=y
if y == NIL

O

10 T.root =
11 elseif z.key < y.key
12 }!(’}‘T = 7

13 else y.right = Z

if Z.key < x.key
x.left
else x = x.right

// tree T was empty
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RB-INSERT(T, 7)

0J D —

o0 ~1 O\ W R~

11
12
13
14
15
16
17

y =@

x = T.root
while x # T.nil

y =X

if Z.key < x.key
X = x.left

else x = x.right

Z.p =y
if y ::Q.m'!)

T.root =
elseif z.key < y.key
y.left = 2

else y.right = Z
z.left = T.nil
z.right = T.nil
Z.color = RED

ML~ Tl

TREE-INSERT(7, 2)

1

W 9

NoRie sl B e NRE) QR

10
11

13

RB-INSERT-FIXUP(T, 7)

v =@

x = T.root
while x # NIL
y =X
if 7. key < x.key
X = x.left
else x = x.right
.p =Yy
if y ==QuD

T.root =
elseif z.key < y.key
}’.!e" = Z

else y.right = z

// tree T was empty



bipraRsIA 2 ASGEG Ay EsPlcit pt Towil

RB-INSERT(7, 2) TREE-INSERT(7, 2)

1y = T.nil I y = NIL

2 x = T.root 2 x = T.root

3 while x # T.nil 3  while x # NIL

4 y =X 4 y =X

5 if 7. key < x.key 5 if Z.key < x.key
6 x = x.left 6 x = x.left
7 else x = x.right 7 else x = x.right
8 Z.p=Yy 8 z.p=y

9 ity ==T.nil 9 if y ==NIL

10 T.root = Z 10 T.root = ¢ // tree T was empty
11 elseif z.key < y.key 11 elseif z.key < y.key
12 y.left = Z 12 y.left = z

13 L right = 2 13 else y.right = 2

14 (z.left = T.nil

15 \g.right = T.nil

16 z.color = RED
17 RB-INSERT-FIXUP(T, 7)
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RB-INSERT(7, 2) TREE-INSERT(7, 2)

1y = T.nil I y = NIL

2 x = T.root 2 x = T.root

3 while x # T.nil 3  while x # NIL

4 y =X 4 y =X

5 if 7. key < x.key 5 if Z.key < x.key
6 x = x.left 6 x = x.left
7 else x = x.right 7 else x = x.right
8 Z.p=Yy 8 z.p=y

9 ity ==T.nil 9 if y ==NIL

10 T.root = Z 10 T.root = ¢ // tree T was empty
11 elseif z.key < y.key 11 elseif z.key < y.key
12 y.left = Z 12 y.left = z

13 else y.right = 13 else y.right =

14 z.left = T.nil
15 z.right = T.nil

16 601{)? = RED

17 RB-INSERT-FIXUP(T, 7)
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RB-INSERT(7, 2) TREE-INSERT(7, 2)

1y = T.nil I y = NIL

2 x = T.root 2 x = T.root

3 while x # T.nil 3  while x # NIL

4 y =X 4 y =X

5 if 7. key < x.key 5 if Z.key < x.key
6 x = x.left 6 x = x.left
7 else x = x.right 7 else x = x.right
8 Z.p=Yy 8 z.p=y

9 ity ==T.nil 9 if y ==NIL

10 T.root = Z 10 T.root = ¢ // tree T was empty
11 elseif z.key < y.key 11 elseif z.key < y.key
12 y.left = Z 12 y.left = z

13 else y.right = 13 else y.right =

14 z.left = T.nil

15 z.right = T.nil

16 z.color = RED

17 @-INSERT—FIXUP(T,:)




RB-INSERT-FIXUP(T, 7)
1 while z.p.color == RED

2 if z.p==2z.p.p.left

3 y = Z.p.p.right

4 if y.color == RED

5 Z.p.color = BLACK

6 y.color = BLACK

7 Z.p.p.color = RED

8 I =Z.p.p

9 else if z == z.p.right

10 I =2Z.p

11 LEFT-ROTATE(T. 2)
12 Z.p.color = BLACK

13 Z.p.p.color = RED

14 RIGHT-ROTATE(T. z.p.p)
15 else (same as then clause

with “right” and “left” exchanged)
16 T.root.color = BLACK

// case 1
// case 1
// case 1
// case |

// case 2
// case 2
// case 3
// case 3
// case 3



RB-INSERT-FIXUP(T, 7)
1 while z.p.color == RED

2 if z.p==2z.p.p.left

3 y = Z.p.p.right

4 if y.color == RED

5 z.p.color = BLACK // case |
6 y.color = BLACK // case |
7 z.p.p.color = RED // case |
8 = 2Z.p.p // case |
9 else if z == z.p.right

10 I =2I.p // case 2
11 LEFT-ROTATE (T, 2) // case 2
12 z.p.color = BLACK // case 3
13 z.p.p.color = RED // case 3
14 RIGHT-ROTATE(T, z.p.p) // case 3
15 else (same as then clause

with “right” and “left” exchanged)
16 ( T.root.color = BL@
.se T € woto, 2 E LA RADICE € DUV RUE
IL Svo colLoRe bEE ESSERE  NBRO




RB-INSERT-FIXUP(T, 2)
1 while z.p.color == RED // SV QUAYDD E' VIOLATA LA
// CHE WIETA Nop| ROSSI COWSBEPTWI

C ONDl 2love

2 if z.p ==z.p.p.left // CASo 2.p FlGuo SINLSTRO /
// 2.p Nov Puc ESSERE LA RADICE.

3 y =2z.ppright Yy et LY 2o DI R
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CASo, 210

if y.color == RED
Z.p.color = BLACK
yv.color = BLACK
Z.p.p.color = RED
= 2Z.p.p

D

2

t aosgo "




10
11

12
13
14

else if z == z.p.right CASo;, 210 DI 2 “\ERD"

Z=2Z.p \ B
LEFT-ROTATE(7, 7) E & € UM PFHGLIO DPESRO

Z.p.color = BLACK P "
-.p.p.color = RED (ASo, 210 DI Z NERO

RIGHT-ROTATE(T, z.p.p) E =2 E° UM FHgLIW© SINISTRO




2 if z.p==z.p.p.left

15 else (same as then clause with “right” and “left” exchanged)

16 T.root.color = BLACK
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13.3-1

In line 16 of RB-INSERT, we set the color of the newly inserted node z to red.
Observe that if we had chosen to set z’s color to black, then property 4 of a red-
black tree would not be violated. Why didn’t we choose to set z’s color to black?

13.3-2

Show the red-black trees that result after successively inserting the keys 41,38, 31,
12,19, 8 into an initially empty red-black tree.

13.3-3

Suppose that the black-height of each of the subtrees «, 8, y.d. e in Figures 13.5
and 13.6 is k. Label each node in each figure with its black-height to verify that
the indicated transformation preserves property 3.
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13.3-4

Professor Teach i1s concerned that RB-INSERT-FIXUP might set T.nil.color to
RED, in which case the test in line 1 would not cause the loop to terminate when Z
is the root. Show that the professor’s concern is unfounded by arguing that RB-
INSERT-FIXUP never sets T.nil.color to RED.

13.3-5
Consider a red-black tree formed by inserting n nodes with RB-INSERT. Argue
that if n > 1, the tree has at least one red node.



CAICELLAZIONE

_LA PROCEDURA PER CANCELLARE UM NODO pA W ALBERD ROSD-NERO
St BASA SULLA PRoCepupa TRES-DELeTE (€ QUMD SV —rnANSPuM)

RB-TRANSPLANT(T,u,v) TRANSPLANT(T 1. v)
1 ifwu.p==T.nil I ifu.p==NIL
2 T.root = v 2 T.root = v
3 elseif u ==u.p.left 3 elseif u ==u.p.left
4 u.p.left = v 4 u.p.left = v
5 elseu.p.right = v S elseu.p.right = v
6 v.p=up 6 if v # NIL

7 V.p = u.p

- -2 DlFFEQE\JL€ the



D\FFeRtr A L T.nil AL Posto DU NIL

RB-TRANSPLANT (T, 1, v) TRANSPLANT (7. u.v)
1 ifu.p==T.nil Iifu.p ==@
2 T.root = v 2 T.root = v
3 elseif u == u.p.left 3 elseif u ==u.p.left
4 u.p.left = v 4 u.p.left = v
5 elseu.p.right = v S5 elseu.p.right = v
6 V.p = Uu.p 6 ifU?éNIL

7 V.p = u.p



D\FFeRtJ2A ) U'ASSGLINAMENT  Vip = W.P  Puo ESSERE

FATxo ANCHE QUAYDo == T.wil
RB-TRANSPLANT (T, 1, v) TRANSPLANT (7. u.v)
1 ifwu.p==T.nil I ifu.p==NIL
2 T.root = v 2 T.root = v
3 elseif u == u.p.left 3 elseif u ==u.p.left
4 u.p.left = v 4 u.p.left = v
5 elseu.p.right = v S elseu.p.right = v
6 V.p = Uu.p 6 ifU?éNIL
7 V.p = u.p




RB-DELETE(T. 2)

| y =2z
2 v-original-color = y.color
3 ifz.left == T.nil

4 X = Z.right

5 RB-TRANSPLANT(T, z,z.right)
6 elseif z.right == T.nil

7 X = Z.left

8 RB-TRANSPLANT(T, z,Zz.left)
9 else y = TREE-MINIMUM (Z.right)

10 y-original-color = y.color
11 X = y.right

12 if y.p==2

13 X.p=1y

14 else RB-TRANSPLANT(T, y, v.right)
15 y.right = z.right

16 y.right.p =y

17 RB-TRANSPLANT(T,Z,V)
18 v.left = z.left

19 y.0eftp =y

20 y.color = Z.color

21 if y-original-color == BLACK
22 RB-DELETE-FIXUP(T, x)

-~ siMiLe A TREEc-DELETE (T, 2



RB-DELETE(T, 2) TREE-DELETE(T. Z)

I y=1z2 I if z.left == NIL
2 v-original-color = v.color 2 TRANSPLANT(T, z.Z.right
3 ifz.left == T.nil 3 elseif z.right == NIL
4 (x = ::.rfghr) 4 TRANSPLANT(7.Z.Z.left
5 RB-TRANSPLANT(7. Z.Z.right 5 else y = TREE-MINIMUM (Z.right)
6 elseif z.right == T.nil 6 if y.p#z
7 (x = z.left) 7 TRANSPLANT(T, y. y.right)|
8 RB-TRANSPLANT(T, Z, Z.left) 8 v.right = Z.right
9 else y = TREE-MINIMUM (Z.right) 9 . right.p =y
10 v-original-color = y.color 10 TRANSPLANT(T,zZ, y)
11 X = y.right 11 V.left = z.left
12 if v.p==2 12 v.left.p =y
13 X.p=Yy
14 else RB-TRANSPLANT(T, y, v.right)
15 v.right = Z.right
16 v.right.p = v
17 RB-TRANSPLANT(T,Z,V)
18 y.left = z.left
19 v.left.p = v
20 v.color = Z.color

21 if y-original-color == BLACK
22 RB-DELETE-FIXuP(T, x)



RB-DELETE(T, 7)

I v=12
2 v-original-color = v.color Y2 X

sl

if 2. left == T.nil

elseif z.right == T.nil
X = Z.left
RB-TRANSPLANT(T, z.Z.left)
else y = TREE-MINIMUM (Z.right)

10 y-original-color = y.color NoTa: IL WODo B POTREBBE

72
X = Z.right X /> . *
RB-TRANSPLANT(T. z. Z.right) T M’L\@ ' ‘
[ \‘

O o0 =1 v

11 X = vy.right -~ .
12 if y.p}==§ Egsere  T.wil
13 X.p=1y

14 else RB-TRANSPLANT(T, y, v.right)

15 v.right = Z.right

16 y.right.p =y

17 RB-TRANSPLANT(T,Z,V)

18 v.left = z.left

19 y.left.p =y

20 v.color = Z.color

21 if y-original-color == BLACK
22 RB-DELETE-FIXuP(T, x)




RB-DELETE(T, 7)

|y =z
2 v-original-color = y.color
3 ifz.left == T.nil
4 X = Z.right
5 RB-TRANSPLANT(7.z.z.right)
6 elseif z.right == T.nil
7 X = Z.left
8 RB-TRANSPLANT(7,z.Z.left)
O else y = TREE-MINIMUM (Z.right)
10 v-original-color = y.color
11 X = y.right
12 if y.p==2
13 X.p=1y
14 else RB-TRANSPLANT(T, y, v.right)
15 v.right = Z.right
16 y.right.p =y
17 RB-TRANSPLANT(T,Z,V)
18 v.left = z.left
19 y.left.p =y
20 v.color = Z.color
21 if y-original-color == BLACK
22 RB-DELETE-FIXuP(T, x)




RB-DELETE(T, 7)
1 y =1z

2 v-original-color = y.color

3 if z.left == T.nil

4 X = Z.right

5 RB-TRANSPLANT(T, z,Z.right)
6 elseif z.right == T.nil

7 X = Z.left

8 RB-TRANSPLANT(7,z.Z.left)
O else y = TREE-MINIMUM (Z.right)
10 v-original-color = y.color

11 X = y.right

12 if y.p==2

13 X.p=Yy
:{K/ls/vk ANTAT, v ¥ Tight)
' v 1ght right

1 5. right. //
17 RB-TRANSPLANT(T,Z,V)

18 v.left = z.left

19 y.left.p =y

20 v.color = Z.color

21 if y-original-color == BLACK

22 RB-DELETE-FIXuP(T, x)

NOTA -
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Se
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RB-DELETE(T, 7)

y =32
v-original-color = y.color
if z.left == T.nil
X = Z.right
RB-TRANSPLANT(T,z.Z.right)
elseif z.right == T.nil
X = Z.left
RB-TRANSPLANT(7,z.Z.left)

2. nxucu(‘: F Towil

else y = TREE-MINIMUM (Z.right)
v-original-color = y.color

right
%== 2 /
) /

= WOofoo =1 N B L b —
>

'l

14 else RB-TRANSPLANT(T, y, v.right)
15 v.right = Z.right

16 y.right.p =y

17 RB-TRANSPLANT(T,Z,V)

18 v.left = z.left

19 y.left.p =y

20 v.color = Z.color

21 if y-original-color == BLACK
22 RB-DELETE-FIXuP(T, x)




RB-DELETE(T, 7)

y =32
v-original-color = y.color
if z.left == T.nil
X = Z.right
RB-TRANSPLANT(T,z.Z.right)
elseif z.right == T.nil
X = Z.left
RB-TRANSPLANT(7,z.Z.left)

else y = TREE-MINIMUM (Z.right)
) ﬂrfgfml color = y.color

S Ojo0 1 N =

'l

14 else RB TRANSPLANT(T. V. v.right)
15 v.right = Z.right

16 v.right.p = v

17 RB-TRANSPLANT(T,Z,V)

18 v.left = z.left

19 y.left.p =y

20 v.color = Z.color

21 if y-original-color == BLACK
22 RB-DELETE-FIXuP(T, x)
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_ PosSSIAio  IMNAGINARE CHE  SE y-origiml-color == BLACK ,
L wNoDo X  RICEVA UNA DoSE EXTRA DI NERO
ROSSO + NERO = NERO
povPio NERO

NERO A+ NERO =
_ LA PROCEDURA  RB-DELETE-PIWP (T,%)  GESTIRA

OPPORTUNAMENTE LU EVeJTUALE  poPPlo  NERO



RB-DELETE-FIXUP(T, x)

1 while x # T.root and x.color == BLACK
2 if x == x.p.left

3 w = Xx.p.right

4 if w.color == RED

S w.color = BLACK

6 X.p.color = RED

7 LEFT-ROTATE (T, x.p)

8 w = X.p.right

9 if w.left.color == BLACK and w.right.color == BLACK
10 w.color = RED

11 X = X.p

12 else if w.right.color == BLACK
13 w.left.color = BLACK
14 w.color = RED

15 RIGHT-ROTATE(T, w)
16 w = X.p.right

17 w.color = x.p.color

18 X.p.color = BLACK

19 w.right.color = BLACK
20 LEFT-ROTATE(T. x.p)
21 x = T.root
22 else (same as then clause with “right” and “left” exchanged)

23 Xx.color = BLACK



CASo: FRATELO ROSSO

RB-DELETE-FIXUP(T, x)
I while x # T.root and x.color == BLACK

2 if x == x.p.left

3 w = x.p.right

4 if w.color == RED

5 w.color = BLACK

6 X.p.color = RED

7 LEFT-ROTATE(T, x.p)
8 w = x.p.right




CASo . -~ FRATELLO NERO
if w.color == RED - NIRRT N &S|

4
5 w.color = BLACK
6 X.p.color = RED
7 LEFT-ROTATE(T, x.p)
8 w = x.p.right
9 if w.left.color == BLACK and w.right.color == BLACK| # w.color == BLACK
10 w.color = RED
11 X = X.p
|

o P



12
13
14
15
16

else if w.right.color == BLACK
w.left.color = BLACK
w.color = RED
RIGHT-ROTATE (T, w)

xX.p.right

w

CASo , -~ FRATELLO NERO
_ NIRTE bestRo NGRDO
— M1POTE SIMISTRD R OSSO




17
18
19
20
21

CASo COoNMCLVSIVO:; -~ FRATELO N ERo
_ NIRTE DesTRo ROSSO

w.color = x.p.color
x.p.color = BLACK
w.right.color = BLACK
LEFT-ROTATE(T, x.p)

x = T.root

B Y o new x = T.root
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Rg-peLeTs(T,3)
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RR-peLeTe(T, 1)
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B Y o new x = T.root



R -peLeTs (T, &)
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ESeRClLIO

13.4-3
In Exercise 13.3-2, you found the red-black tree that results from successively
inserting the keys 41,38,31, 12,19, 8 into an initially empty tree. Now show the

red-black trees that result from the successive deletion of the keys in the order
8,12,19,31,38,41.




